The second-order multireference perturbation theory using an optimized partitioning, denoted as MROPT(2), is applied to calculations of various molecular properties-excitation energies, spectroscopic parameters, and potential energy curves-for five molecules: ethylene, butadiene, benzene, N 2 , and O 2 . The calculated results are compared with those obtained with second-and third-order multireference perturbation theory using the traditional partitioning techniques. We also give results from computations using the multireference configuration interaction (MRCI) method. The presented results show very close resemblance between the new method and MRCI with renormalized Davidson correction. The accuracy of the new method is good and is comparable to that of second-order multireference perturbation theory using Møller-Plesset partitioning.
Introduction
One of the most popular strategies for solving the energy eigenvalue problem in quantum chemistry is perturbation theory (PT). In PT, the Hamiltonian, Ĥ , is divided into two operators: Ĥ 0 , called a zeroth-order Hamiltonian, and V , which is called a perturbation. Subsequently, the eigenvalue problem corresponding to the zeroth-order Hamiltonian is solved exactly-usually using a variational procedure-yielding a complete set of zeroth-order wave functions {⌿ j (0) } and zeroth-order energies {E j (0) }. These quantities, together with the operator V , are used then to obtain the exact eigenfunctions and eigenvalues of the original eigenvalue problem in a perturbative manner.
The division of Ĥ into Ĥ 0 and V -called a partitioning of the Hamiltonian-is the most crucial point of every perturbative treatment. In many cases, the partitioning is implied by the physics of the problem. However, this is not the case when computing correlation energy in atomic and molecular systems. As is well known, it makes no difference which partitioning is used when the perturbation series is considered up to the infinite order, providing, of course, the convergent character of the perturbational expansions. However, in practical applications, no infinite perturbation series is used. Usually, the series is terminated at some low order, yielding an appropriate nth-order ansatz for the wave function. The higher-order terms, ⌿ ␣ (m) , where m Ͼ n, are assumed to be zero and are neglected. This is a good approximation for fast-converging series. Unfortunately, neither the Møller-Plesset partitioning 1 nor the Epstein-Nesbet partitioning 2,3 -the two most popular ways of defining Ĥ 0 in quantum chemistry-produces fast converging series. Therefore, neglecting the higher-order terms may result in introducing some errors. There is no systematic way of estimating these errors, because usually the higher-order wave functions are not computed. In contrast to variational techniques, where the calculated energy constitutes a natural upper bound to the exact energy, there are usually no such bounds for low-order PT. (The situation is similar for the coupled cluster methods.) This lack of possibility of determining the accuracy of the PT results is one of the most serious drawbacks of perturbation theory.
One of the possible solutions to this problem can be using an optimized partitioning that ensures fast convergence of the PT series. A few propositions of such methods have been made. Amos 4 used a single variational parameter that was adjusted to make the third-order energy vanish, E (3) ϭ 0. Multiple variational parameters-which can be interpreted as the zeroth-order energies of the states from the first-order interacting space (FOCI)-were used by Szabados and Surján. 5, 6 These parameters were determined by minimizing the energy in the Rayleigh quotient taken with the first-order perturbational ansatz for the wave function.
Finley optimized the zeroth-order energies of the FOCI's states using a concept of maximum radius of convergence, 7 derived from a two-state model. Another approach of Finley and coworkers 8, 9 used a small subspace of FOCI, which contains a set of the most important configuration state functions, to optimize the zerothorder energies of states belonging to this subspace. The optimization was performed by minimizing some energy functional that comprised the differences between the exact energy and third-and fourth-order perturbational energy; all quantities were determined within the chosen subspace. All these methods-except for the maximum radius of convergence partitioning, for which no numerical tests have yet been performed-showed much better convergence characteristics than the traditional partitionings. Unfortunately, the proposed methods do not allow for optimization of the zeroth-order energies of states outside of FOCI.
In the preceding article, 10 we have proposed a family of optimized zeroth-order Hamiltonians that allow for partial control of the errors arising from truncation of perturbational series. Using this new partitioning enables optimizing of the zeroth-order energies of all states appearing in perturbational expansion. Some theoretical and numerical aspects of one of the resulting methods-abreviated as MROPT(2)-have been analyzed and discussed. In the present article, we apply this second-order multireference PT with the optimized partitioning to calculations on some molecular properties of five molecules: ethylene, butadiene, benzene, and molecular nitrogen and oxygen. The calculated results are preceded by a brief exposition of the theory of optimized partitioning. For detailed derivations, see the preceding article.
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Theory
Let ͉␣͘ be a multideterminantal wave function corresponding to the ground or some excited state ␣ of a given molecular system. The wave function ͉␣͘ is obtained by diagonalizing the matrix of the Hamiltonian operator Ĥ within a chosen set of the most important configurations state functions (CSFs), called a reference space.
[The most popular choice of a reference space is a complete active space (CAS).] Such a multideterminantal wave function ͉␣͘ accounts for nondynamical correlation effects and describes well the near-degeneracy effects. In order to obtain an accurate estimation of the energy of the state ␣, we treat dynamical correlation by means of multireference PT. The matrix representations of all operators are given in a space spanned by the multideterminantal states ͉␣͘, ͉k 1 ͘, ͉k 1 ͘, . . . , obtained by diagonalizing Ĥ within the reference space, and all nonredundant CSFs ͉q 1 ͘, ͉q 2 ͘, . . . obtained by applying single, double, triple, and higher excitation to the reference space's CSFs. The set of all singly-and doublyexcited CSFs constitutes the FOCI.
We define the zeroth-order Hamiltonian Ĥ 0 as a diagonal matrix operator:
where the zeroth-order energies E i (0) are defined by
The matrix of perturbation operator V is given by
The state-dependent parameters ⌬ i are at our disposal; we are going to adjust them in such a manner that the first neglected term, ⌿ ␣ (nϩ1) , in the nth-order perturbational ansatz for wave function
is identically equal to zero,
This condition allows for a partial control of errors associated with truncating the perturbational expansion of the wave function series at the nth-order. Eq. (5) defines the set of state-dependent parameters ⌬ i in an implicit way. It is difficult to give a compact, explicit equation defining ⌬ i in a general case. The explicit set of linear equations defining ⌬ i for the second-order multireference PT with optimized partitioning is given by
where
Explicit equations for the third-and fourth-order PT were given in our previous article. 10 By saying "nth-order PT" we mean-as usual in quantum chemistry-that the highest retained term in energy series is E ␣ (n) . To calculate this term, it is sufficient to terminate wave function expansion at the (n Ϫ 1)th-order, that is, the highest retained term is ⌿ ␣ (nϪ1) . Note that eq. (6) is formally identical to the working equations of the linearized multireference coupled cluster (CC) method 11, 12 and the optimized partitioning of Szabados and Surján. 5, 6 Second-order multireference Rayleigh-Schrödinger perturbation theory with optimized partitioning is uniquely defined by eqs.
(1), (3), and (6), provided that the reference space and one-electron orbitals have been determined. The first-order wave function is given by
Energy of the state ␣ through the second-order of PT is given by
The second-order wave function ⌿ ␣ (2) is identically equal to zero [see eq. (6)]. As a consequence, the third-order energy also vanishes. The first nonvanishing correction to energy is E ␣ (4) . Vanishing of ⌿ ␣ (2) has some deeper consequences: Surján and Szabados showed 6 that most components of the fifth-order energy also vanish. Recently, this optimized partitioning has been applied within a framework of multireference PT to correct the quality of energies and wave functions obtained using limited CC methods, 13 showing significantly better performance than the MP and Dysonlike 14 partitionings. For further use, the second-order multireference RayleighSchrödinger PT with optimized partitioning is referred to as the MROPT(2) method.
Computational Details
The planar geometries of ethylene and butadiene are taken from experiment. For ethylene, 15 the bond lengths are r CC ϭ 1.339 Å and r CH ϭ 1.086 Å, and the ЄCCH angle is 117.6°. For butadiene, 16 the bond lengths are r C 1 C 2 ϭ 1.467 Å, r C 2 C 3 ϭ 1.343 Å, and r CH ϭ 1.094 Å, and the angles are ЄCCC ϭ 122.8°and ЄCCH ϭ 119.5°. For benzene, we use also a planar hexagonal geometry with following bond lengths: r CC ϭ 1.395 Å and r CH ϭ 1.084 Å, which are very close to the experimental data. 15 For calculations on spectroscopic parameters of O 2 and N 2 , we usually use seven different geometries in the range [r e Ϫ 0.1 Å, r e ϩ 0.1 Å], where r e is the equilibrium geometry of a given state. The geometries used for the calculations on the internal rotation potential energy curve in ethylene are optimized on the B3LYP/6-31ϩϩG(2d,2p) level with the dihedral angle kept frozen. The excitation energy calculations for ethylene and butadiene are performed with the cc-pVDZ (correlation-consistent polarized valence double zeta) and cc-pVTZ (correlation-consistent polarized valence triple zeta) basis sets of Dunning. 17 For calculations on internal rotation potential energy curve in ethylene we use ANO (atomic natural orbitals) type orbitals, 18 with a (10s6p3d)/ [7s6p3d] contraction scheme for C and (7s3p)/[6s3p] for H. All CASSCF, MRCI, and perturbational calculations are performed using COLUMBUS, a collection of programs for highlevel ab initio molecular electronic structure calculations. 20 -23 The perturbative methods use a modified multireference configuration interaction (MRCI) code of COLUMBUS. The modifications concern mostly the way of using the graphical unitary group approach (GUGA)-based matrix-vector multiplication routine and some minor changes in the existing Fock-matrix calculation routine. A new PT-driver routine has been added, along with routines that allow solving large sets of linear equations using iterative techniques.
Results
MROPT (2) is applied for calculating various molecular properties of ground and excited states for a set of small and medium size molecules. We compute valence excitation energies of ethylene, butadiene, and benzene, spectroscopic parameters of six states of O 2 and eight states of N 2 , and the height of the internal rotation barrier of ethylene. We give also a comparison of the MROPT (2) results to those obtained with other methods, that is, MRCI method, MRCI with renormalized Davidson correction 24 (MRCIϩQ), second-and third-order multireference PT using Epstein-Nesbet partitioning [denoted as MREN (2) and MREN(3) , respectively], and second-and third-order multireference PT using Møller-Plesset partitioning [denoted as MRMP (2) 
character in a valence bond (VB) description. [25] [26] [27] [28] Improving the quality of the basis set allows for better description of the ionic-like C Ϫ centers and lowers the energy of the state by a large amount. The other states-which are predominantly composed of the covalent Kekule-and Dewar-like structures-do not show this effect. The MROPT(2) excitation energies for the covalent-like states are almost identical to the . For the other states, which are ionic-like, the differences are much larger. Again, much better correspondence to experiment is achieved for the MROPT(2) method. The overall accuracy of MROPT (2) is similar to MRMP(2); the averaged error is 0.24 and 0.19 eV, respectively.
Spectroscopic Parameters of N 2 and O 2
Spectroscopic parameters for six low-lying electronic states of Table 3 . Spectroscopic parameters for eight low-lying states of N 2 
Ϫ , and B 3 ⌸ g -are shown in Table 4 . For each state, we calculate equilibrium distance r e , harmonic vibrational frequency e , rotational constant B e , and adiabatic and vertical excitation energies using a set of various quantum chemical methods. The results are compared to the experimental data. The last column of Tables 3 and 4 gives an average absolute deviation from experimental data for each method.
The correspondence of the MROPT (2) Figure 1 . Similarly, potential energy curves for three states of O 2 ,
, and a 1 ⌬ g , are given in Figure 2 . We give these comparisons of potential energy curves calculated using various methods in order to show some characteristic behavior of the MROPT(2) method. The most interesting feature-discussed already in the preceding article 10 -is a very close resemblance of the MROPT(2) and MRCIϩQ curves. The calculated MREN(2) curves differ noticeably from the other curves. The MREN(3) and MRMP(3) curves show rather similar character, suggesting fast convergence of the perturbation series.
Rotational Barrier of Ethylene
Potential energy curves for the two lowest electronic states of ethylene, X 1 A g and 1 3 B 1u , are plotted in Figure 3 as a function of torsional angle . The computed height of the internal rotation barrier of each state is given in Table 5 . All considered methodsexcept MREN(2)-predict very similar and accurate values of the rotational barrier. Again, the MROPT(2) and MRCIϩQ results are very similar; the curves of these states plotted in Figure 3 almost coincide. Similarly, the curves obtained with MREN(3) and MRMP(3) are almost identical, even if the second-order MREN and MRMP curves are very different. This fact suggests very fast 
Conclusions
MROPT(2) has been applied to calculations on some molecular properties of the ground and excited states of a set of five molecules. We have calculated: vertical excitation energies of two states of ethylene, four of butadiene, and eight of benzene, spectroscopic constants-including equilibrium distances, harmonic vibrational frequencies, rotational constants, and vertical and adiabatic excitation energies-for six low-lying states of O 2 and eight of N 2 , and potential energy curve of ethylene as a function of the torsional angle . The calculated results are compared with those obtained with second-and third-order multireference PT using Møller-Plesset and Epstein-Nesbet partitionings. We give also the results from computations using MRCI and Davidson-corrected MRCI.
The parameters ⌬ i , obtained by solving eq. (5), can have a very wide range of magnitudes: the largest can exceed a value of a few thousands of hartree, being either positive or negative. It is very difficult to supply more information on their values, owing to their abundance. The only applicable approach that can give some insight is the statistical one. The parameters ⌬ i have an approximately Gaussian-like distribution with maximum being around 0 hartree and 90% of them located in the range between Ϫ5 and 5 hartree. The position of the maximum tends to be shifted somewhat to negative values for large FOCI spaces. Similarly, the distribution curve tends to be narrower for small dimensions of FOCI.
On the whole, MROPT(2) has shown very good performance. The deviations from available experimental data are rather small: Ϸ0.2 eV for excitation energy, 0.01 Å for bond length, and Ϸ50 cm Ϫ1 for harmonic vibrational frequency. The computational cost of the MROPT(2) method-approximately similar to the cost of MRCI-is rather high when compared to other second-order perturbative treatments; the bottleneck of MROPT (2) is a necessity of solving a large set of linear equations. Some interesting features have been found in the performance of MRPTs and MRCI:
1. The MROPT(2) results on excitation energies, spectroscopic constants, and potential energy curves are very similar to those of MRCIϩQ. 2. The second-order MRPT results are better than the third-order ones when using the Møller-Plesset partitioning. Some comments on the first two points are given below. MROPT(2) and MRCIϩQ usually give very similar results; an exception is a noticeably larger difference between MROPT(2) and MRCIϩQ for valence excitation energies for ionic-like states of ethylene, butadiene, and benzene. The largest deviation is 0.04 eV for covalent-like states while it is 0.53 eV for ionic-like states. This large difference in ionic states is probably due to the choice of active spaces. The active spaces used in the present article are minimal ones that take into account the correlation. As suggested from the basis set effect in the section Rotational Barrier of Ethylene, polarization effect is more important for the ionic-like states. Larger active spaces including higher polarization effect will improve the description of the ionic-like states and reduce the difference between MROPT(2) and MRCIϩQ. A better performance of the second-order MRMP than the third-order MRMP, mentioned above, may look strange. However, this irregularity can also be seen in single reference MP theory and it is not a particular feature of multireference MP theory. See, for example, systematic studies on the convergence of MP series given in refs. 29 -31 . These articles also present some other unexpected features of the MP theory, for example, oscillatory behavior of the MP series in high orders. It would be interesting to pursue the origin of the strange behavior also in multireference MP PT. However, we do not discuss it here any longer, because it is not a subject of the present article. Now we can safely say that the new method using the optimized partitioning, MROPT(2), gives accurate results comparable to MRMP (2) and MRCIϩQ on molecular properties, and, moreover, it can well reproduce experimental values. 
